We introduce a faithful tropical linear representation of the Chinese monoid, and thus prove that this monoid admits all the semigroup identities satisfied by tropical triangular matrices.
Introduction
The Chinese monoid of rank n is the finitely generated presented monoid Ch n :" xa 1 , . . . , a n y, subject to the relations a j a k a i " a k a j a i " a k a i a j for all i ď j ď k.
(CH) Each element x P Ch n has a unique presentation, called the canonical form, written as:
with b 1 " a k11 1 , b 2 " pa 2 a 1 q k21 a k22 2 , b 3 " pa 3 a 1 q k31 pa 3 a 2 q k32 a k33 3 , . . . . . . b n " pa n a 1 q kn1 pa n a 2 q kn2¨¨¨p a n a n´1 q k npn´1q a knn n ,
where all powers k ji are non-negative. This monoid is strongly related to the plactic monoid Plc n [2] , and thereby also to Young tableaux [15, 16] , which play a major role in representation theory and algebraic combinatorics [6, 18, 19] . A characterisation of the equivalence classes of Ch n and a cross-section theorem were provided by an algorithm similar to Schensted's algorithm for Plc n [20] . The tropical (max-plus) semiring is the set T :" R Y t´8u equipped with the operations of maximum and summation a _ b :" maxta, bu, a`b :" sumta, bu, addition and multiplication, respectively. Square matrices over T form the monoid M n pTq, whose multiplication is induced from the operations of T in the familiar way. This matrix monoid has a polynomial growth. While matrices over an infinite field do not admit a semigroup identity [5] , by relying on identities for tropical the monoid U n pTq of triangular tropical matrices, [12, Theorem 3.7] proves that M n pTq satisfies nontrivial semigroup identities. Partial results appear in [7, 8, 10, 11, 21, 17, 4] .
Ch n has polynomial growth of degree npn`1q{2, and was used by Duchamp & Krob (1994) in the their classification of monoids having polynomial growth. Plc n can be faithfully represented by matrices over the tropical semiring [9, 14] . In this paper, we prove that the same holds for Ch n , which has the same growth as Plc n .
Theorem I. The Chinese monoid Ch n has a faithfull linear representation by tropical triangular matrices in U npn`1q pTq, more precisely by block-diagonal triangular matrices with blocks of size 2.
This theorem establishes a useful machinery to determine the canonical form (CF.a) of a given word in Ch n (Remark 1.6), and also infers that Corollary I. Ch n admits all the semigroup identities satisfied by the monoid U 2 pTq of 2ˆ2 tropical triangular matrices.
The monoid algebra of Ch n was studied in [13] , showing that Ch n embeds in a product of bicyclic monoids, and thus admits the Adjan identity [1] ab 2 a ab ab 2 a " ab 2 a ba ab 2 a.
(AD)
On the other hand, 2ˆ2 tropical triangular matrices satisfy the same identities as the bicyclic monoid satisfy [3] . Therefore, Corollary I provides an alternative simpler proof of these identities, dismissing the embedding into bicyclic monoids. It also gives the following.
Corollary II. For any n, the Chinese monoid Ch n determines the same variety as the bicyclic monoid Bcy.
Proof. The semigroup identities of Bcy (or equivalently of U 2 pTq) are satisfied by Ch n by previous Corollary. On the other hand, since there is a surjective morphism that sends Ch 2 (which embeds in Ch n ) onto Bcy, the semigroup identities admitted by Ch n are also satisfied by Ch 2 and Bcy.
Representations of Ch n
A tropical linear representation of a monoid S is a monoid homomorphism
i.e., a map satisfying ρpxyq " ρpxqρpxq for every x, y P S. A representation ρ is faithful, if ρ is injective. When ρ is faithful, S inherits all the semigroup identities satisfied by M N pTq. A semigroup identity is a pair xu, vy of two words u, v P A˚on an alphabet A, and S satisfies xu, vy, if φpuq " φpvq for every semigroup homomorphism φ : A`ÝÑ S.
In other words, the equality u " v holds for any substitution of elements of S into the letters of u and v. Given a representation ρ : Ch n Ñ M N pTq of Ch n " xa 1 , . . . , a n y, clearly ρpa j a k a i q " ρpa k a j a i q " ρpa k a i a j q " ρpa j qρpa k qρpa i q " ρpa k qρpa j qρpa i q " ρpa k qρpa i qρpa j q for all i ď j ď k, since ρ is a monoid homomorphism.
We inductively build a faithful linear representation for Ch n`1 out of a faithful representation for Ch n , i.e., a construction by induction on the number of generators. Appendix A presents an explicit faithful representation for the base case Ch 3 . Lemma 1.1. Let ρ : Ch n Ñ M N pTq be a representation of Ch n . For every ℓ " 1, . . . , n, the map
defines a representation of Ch n .
Proof.
Therefore, the relations of Ch n`1 are satisfied by the images of the generators ρ ℓ pa j 1 q because the relations of Ch n are satisfied by the images of the generators ρpa j q.
Given a representation ρ : Ch n Ñ M N pTq of Ch n , n ě 3, using (1.2) we construct the combined representation for Ch n`1 :
To prove faithfulness of r ρ, we need some basic auxiliary lemmas, which are used later to manipulate the canonical form (CF.a) and its matrix image under representations.
The word a k a i commutes with a i and a k for any i ď k.
Proof. Follows from (CH) by taking j " i and j " k, respectively.
The words a k a j and a k a i commute for any i ď j ď k.
Proof. Apply (CH) twice to get
For any element x P Ch n , written in the canonical form (CF.a) as Cpxq, there is a one-to-one correspondence between Cpxq and the npn`1q-tuple kpnq :" pk 11 , k 21 , k 22 , . . . , k i1 , k i2 , . . . , k pi´1qi , k ii , . . . , k n1 , k n2 , . . . , k npn´1q , k nn q with k ij P Z`. Accordingly, Cpxq is written in terms of the n generators a 1 , . . . , a n as Cpxq " C kpnq pa 1 , . . . , a n q,
x P Ch n .
For short, we write k for kpnq and r k for kpn`1q. Lemma 1.4 . C r k pa 1 , . . . , a ℓ , a ℓ , a ℓ`1 , . . . , a n q " C k pa 1 , . . . , a n q where
(1.4)
Proof. Use (CF.a) to write
in terms of b j 's and b 1 j 's, where the b j 's are defined by (CF.b) and the b 1 j 's, for j ě ℓ, are given as b 1 j " pa j´1 a 1 q kj1¨¨¨p a j´1 a ℓ q k jℓ pa j´1 a ℓ q k jpℓ`1q¨¨¨p a j´1 a j´2 q k jpj´1q a kjj j´1 . By Lemmas 1.2 and 1.3, we see that b ℓ r b ℓ " pa ℓ a 1 q k ℓ1 pa ℓ a 2 q k ℓ2¨¨¨p a ℓ a ℓ´1 q k ℓpℓ´1q a k ℓℓ ℓ pa ℓ a 1 q k pℓ`1q1¨¨p a ℓ a ℓ´1 q k pℓ`1qpℓ´1q pa ℓ a ℓ q k pℓ`1qℓ a k pℓ`1qpℓ`1q ℓ " pa ℓ a 1 q k ℓ1`kpℓ`1q1¨¨¨p a ℓ a ℓ´1 q k ℓpℓ´1q`kpℓ`1qpℓ´1q a k ℓℓ`2 k pℓ`1qℓ`kpℓ`1qpℓ`1q ℓ .
For j ą ℓ we have r b j " pa j a 1 q k pj`1q1¨¨¨p a j a ℓ´1 q k pj`1qpℓ´1q pa j a ℓ q k pj`1qℓ`kpj`1qpℓ`1q pa j a ℓ`1 q k pj`1qpℓ`1q¨¨p a j a j´1 q k pj`1qj a k pj`1qpj`1q j .
We can now prove the following lemma.
Lemma 1.5. Let ρ : Ch n Ñ M N pTq, n ě 3, be a faithful representation of Ch n . Then the representation r ρ :" pρ 1 , ρ 2 , ρ n q : Ch n`1 ÝÑ pM N pTqq 3 in (1.3) is faithful. If k Þ Ñ ρpC k pa 1 , . . . , a nis a restriction of an affine injective map, then r k Þ Ñ r ρpC r k pa 1 , . . . , a n`1is also a restriction of an affine injective map.
Proof. By (1.2) we have ρ ℓ`Cr k pa 1 , . . . , a n`1 q˘" ρ`C r k pa 1 , . . . , a ℓ , a ℓ , a ℓ`1 , . . . , a n q" ρ`C k pa 1 , . . . , a ℓ , a ℓ`1 , . . . , a n q˘.
Thus, by Lemma 1.4 we see that, if k Þ Ñ ρpC k pa 1 , . . . , a nis a restriction of an affine map, then r k Þ Ñ r ρpC r k pa 1 , . . . , a n`1is also a restriction of an affine map. We show that, r k can be determined, assuming that ρ ℓ`Cr k pa 1 , . . . , a n`1 q˘(or the image of some vector r k by the affine map it defines) is known for ℓ " 1, 2, n. By Lemma 1.4 and the faithfulness of ρ (or the injectivity of the affine map), we know the terms k ji of the npn`1q-tuple k, cf. (1.4), and we need to determine the r k ji 's explicitly. From (1.4) and the indices ℓ " 1, 2, n we deduce: ℓ " n gives r k ji for i ď j ă n, and ℓ " 1 gives r k ji for i, j ą 2. It remains to determine r k n1 , r k n2 , r k pn`1q1 , r k pn`1q2 . But, the sums r k n1`r k pn`1q1 and r k n2`r k pn`1q2 are known from the case of ℓ " n, while r k n1`r k n2 and r k pn`1q1`r k pn`1q2 are known from the case of ℓ " 1. The case of ℓ " 2 gives the sum r k pn`1q2`r k pn`1q3 , from which we deduce r k pn`1q2 , as r k pn`1q3 is known. Then, by substitution, we obtain the values of the other three terms.
Proof of Theorem I. Proof by induction of the number of generators of Ch n , n ě 3. The case of n " 3 is given by Lemma A.2 in the appendix. The induction step follows from Lemma 1.5. Thus, pM N pTqq 3 embeds in M 3N pTq as a 3-block diagonal matrix, each of these blocks by itself is a block diagonal matrix whose blocks are 2ˆ2 triangular matrices. Moreover, k Þ Ñ ρpC k pa 1 , . . . , a nis a restriction of an affine map
Elementary linear algebra implies that there is a projection φ of R 3 n on npn`1q 2 of its coordinates such that φ˝α is kept injective. Thus, the representation by the blocks appearing in the projection is faithful and Theorem I is proved. Representation I: Let ρ 1 be defined by
for which we have the products
so that relation (CH) is satisfied. Taking powers of A, B, C, we get
where for k 1 " k 2 " k 3 " 0 we have
which is an identity matrix for the semigroup generated by A, B, and C. For products of A, B, and C we have
have the powers
(I.5)
Computing the matrix product corresponding to the canonical form (CF.a), we obtain
k3`2 k 32 , k 1`k3`2 k 32`1 , k 2`k3`2 k 32`1 , k 1`k2`k3`2 k 32 , k 1`k2`k3`2 k 32`1 , / / / / / / .
Representation II: Let ρ 2 be given by
so that relation (CH) is satisfied, where BAC ‰ ABC " ACB. Taking powers of A, B, C, we get
(II.5)
(II.6)
Representation III: Let ρ 3 be given by
for which we have the products BCA " CBA " CAB "ˆ1 1 1˙,
so that relation (CH) is satisfied, where BAC " ABC ‰ BAC. Taking powers of A, B, C, we get
which is an identity matrix for the semigroup generated by A, B, and C. For products of A, B, and C, we have (III.5)
Computing the matrix product corresponding to the canonical form (CF.a), we obtain ρ 3 pxq "¨k 1`k21`k31 k 31´1`m ax $ ' ' ' ' ' ' & ' ' ' ' ' ' % k 1`k21`1 , k 1`k3`k21 , k 3`k32`1 , k 1`k3`k32 , k 1`k3`k21`k32 , k 1`k3`k21`k32`1 , / / / / / / .
"ˆk 1`k21`k31 k 31`k1`k3`k21`k32 8 k 3`k31`k32˙.
(III.6)
Remark A.1. Note that, since k 1 , k 2 , k 21 , k 3 , k 31 , k 32 are non-negative, for all the above representations, the image matrix (I.6), (II.6), and (III.6), of x P Ch 3 satisfying Equation (A.1) is affine, and its entries are given explicitly in terms of the powers k 1 , k 2 , k 21 , k 3 , k 31 , k 32 .
A.2.
A faithful representation of Ch 3 . Together, the three representations ρ 1 , ρ 2 , ρ 3 from above provide the representation ρ :" pρ 1 , ρ 2 , ρ 3 q : Ch 3 ÝÑ`M 2 pTq˘3 (A.1) of Ch 3 in terms of generators. It is easily seen from (I.2), (II.2), and (III.2) that ρpbcaq " ρpcbaq " ρpcabq, ρpabaq " ρpbaaq, ρpbbaq " ρpbabq, ρpbccq " ρpcbcq, ρpbcbq " ρpcbbq, ρpaccq " ρpcacq, ρpacaq " ρpcaaq,
